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A differential game in which the payoff functional is the time required for the phase point to reach the target set is considered.
A construction of e-optimal strategies, similar to the standard construction when the value function is everywhere differentiable,
is proposed. The difference is that the gradient of a non-smooth and discontinuous value function is replaced by a certain quasi-
gradient.

This paper continues the investigation of universal strategies in [1-4]. Certain facts from the theory of
generalized solutions of first-order partial differential equations [5-7] and from non-smooth analysis
[8] are used. The quasi-gradient of the value function is defined instead of the gradient in the standard
construction of optimal strategies, which assumes that the value function is everywhere differentiable.
An analogous construction for a differential game with fixed stopping time and continuous value function
was considered in [9].

1. Let the motion of the controlled system be described by the equation
(1) = f(x(1), p(1),q(1)), t=0 (L.1)

where x(t) € R” is the phase state of the system at time ¢, p(f) € P and ¢(t) € Q are the controls of
players I and II, respectively, and P C R'and Q C R™ are compact sets. It is assumed that the function
f(x, p, q) is jointly continuous in its variables and satisfies a Lipschitz condition with respect to x

Hf(x+y,p,q)— f(x, p,gl=< Allyll (1.2)

for all (x, p,q) € R" x P x Q. It is also assumed that

i Lflx,p.q))= in{s, f{x,p.q))= H(x,s 1.3
r;lslgr;lggx(s f(x.p.9)) Tfé”,f‘e'?(s f(x.p.q)) = H(x,5) (13)

foranyse R"andx e R".

Let M C R" be a given set in phase space. Player I tries to ensure that the phase point x(f) will reach
M in the least possible time. Player II, for his part, tries either to prevent the encounter with M or to
maximize the time to the encounter. Different versions of the rigorous formulation of these problems
are known and the existence of a game equilibrium has been proved. In this paper we will use the
formalization of positional differential games [10].

Positional strategies of players I and II are arbitrary functions

R'sxUx)eP, RT3 xmV(x)e Q
respectively. Suppose that player I has chosen a certain strategy U and a partition

A={0=ty<t;< ...}, limg;=oo
I —oa

If x, € R" is a given point, the symbol X(x,, U, A) will denote the set of trajectories x(-): [0, ) —> R”
of the differential inclusion

x(t)e co{f(x(t), U(x(;)).9):q € Q}, teft, 1), tied, x(0)=x,
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Similarly, suppose that player II has chosen a strategy " and a partition A. The symbol X(xy, V, A)
will denote the set of solutions of the differential inclusion

x(tyeco{ f(x(t), p.V(x(t))):pe P}, teltity) tieh, x(0)=x,
Define a functional
T (x()):= minf{r eR:x(1) e M)

If x(f) € M® for all t € R*, we define 1,(x()) = . Here ¢ is a positive number and M® is the ¢-
neighbourhood of the set M, i.e.

ME:={x+y:xeM, |lyll< ¢}

We shall use the notation

dlam(A)= Sup(ti+l —tl) for i= O,l, 2....
I

We know (see, for example, [10]) that for any initial position xy € R” the game has a value Val (xg)
€ [0, =], i.e. the following conditions hold:
1. for any numbers 6 < Val (xy) and € > 0, player I has a strategy U such that

(11}:.2 (i‘)lfo sup{t.(x(-)):x(-) € X(x5,U,A)} <O

2. for any number 6 < Val (xp) a number € > 0 and a strategy V for player II exist such that

le(g;f inf{T (x(-)):x(-) € X(x,V,A)} = 0

The existence of the value has been proved [10] for a differential game in the class of strategies U (¢,
x), V (¢, x), which depend on the variable ¢ both in the case of the controlled system x = f{t, x, p, q) and
in the case of a stationary system of type (1.1). The strategies considered in this paper will not depend
on t. We also note that the strategies constructed below have a universality property: they guarantee
e-optimal solutions from any initial position in a bounded domain.

2. Consider the following boundary-value problem for the Isaacs—Bellman equations
H(x,Do(x)+1=0, xeG (2.1)
Vw(x)=0, xedG (2.2)

where H(x, 5) is the Hamiltonian defined by (1.3); G = R™\M is an open domain, G is the closure of
G and dG is the boundary of G.

We recall the followmg result [11]. Let v: G —> R* be a continuous function that satisfies the boundary
condition (2.2), is continuously differentiable in G' and satisfies Eq. (2.1) in that domain. Then the
function v is identical with the value of the differential game.

Moreover, in that case optimal strategies Uy and V, for the two players may be constructed as follows.
We introduce extremal pre-strategies

Po(x,s) € Arg rl'?elp[max(s fx, p, q))} (2.3)
go(x,5) € Arg max[min(s, fix, p,q))] (24)
qeQ | peP

We define the strategies Uy and V) are superpositions of the pre-strategies and the gradient D, i.e.

Ug(x):= po(x,Du(x)), Vp(x):=qgo(x,Dv(x)) (2.5)
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The assumption that the value function is smooth holds only in exceptionally rare cases. The value
function may be discontinuous and may take the improper value +<o. In the general case, however, as
shown below, one can define e-optimal strategies by formulae of type (2.5), provided the gradient Du(x)
is replaced by a certain quasi-gradient. In the construction proposed here, we will use results obtained
[5, 7] for bounded solutions of Dirichlet-type problems for first-order partial differential equations.

Consider the transformation [12]

[0,0] 3 V> u(V) =1+ €[0,1]

It is obvious that the function v(x) satisfies (2.1) if and only if the function u(x) = 1 - exp (—v(x)) satisfies
the equation

H(,Du(x))+1-u(x)=0 (2.6)

It was shown in [7] that Eq. (2.6) has a generalized (minimax) solution u: G —0,1] satisfying the
boundary condition

u(x)=0, xedG 2.7

and that solution is unique. The minimax solution « is lower semicontinuous and possesses the following

property.
Letn e G,q,€ Q, 1 > 0. Let Y(n, g,) be the set of trajectories y(-): [0, 7] — R” of the differential
inclusion

y(ryeco{f(y(t).p.q.):p€ P} (2.8)

with initial condition y(0) = n. Assume that y(t) € G for all y(-) € Y(n, g,) and all t € [0, 7]. Then a
trajectory y(-) € Y(m, g,) exists such that

(u(n) - De* = u(y(t) -1 (2.9)
This property is equivalent to the u-stability condition for the function v [10] and to the definition of

an upper solution of Eq. (2.6).
Note that the value function is related to the minimax solution of problem (2.6), (2.7) by the equality

Val(x)=+In(1tu(x)), xeG (2.10)
Suboptimal strategies for the players may be defined as superpositions of pre-strategics and quasi-
gradients of the minimax solution. As corollaries of these constructions one can demonstrate the

existence of the value and prove equality (2.10).

3. We will now describe the construction of an e-optimal strategy for player 1. Let u be the minimax
solution of problem (2.6), (2.7). Define

uu(.x):=r'(1ei(_:1[u(y)+wa(x,y)] 3.1

where
- (02 #ilx ~ yi?)’ L, (1 I 42
Wy (x,y)= . \ V—2+2)\’, <a<mm{—3—, m} ( . )

A being the Lipschitz constant (see 1.2)). The function w,, satisfies the inequality
H(x, Dx Wu(X,}’)) - H(y"'Dy wa(x’ y))— wa (x»)’) = 0 (3'3)

for any (x,y) € G x G such that ||x—y || < 1. Functions of this type are used to prove uniqueness theorems
in the theory of generalized solutions of first-order partial differential equations (see, for example,

17, 6.



680 G. G. Garnysheva and A. 1. Subbotin

Choose any point
Yo(x) € Argl;gig[u(y)+wa(x,y)] (34)
Such a point exists because u is lower semicontinuous.
It can be shown that
Uy ()< u(x)+a, llx—y (i< 2a (3.5)
Define
Uqg(x) = po(X,54(x)) (3.6)
where py is the extremal pre-strategy defined by condition (2.3)
50 (X):= (D, wo )(x, 34 (x)) = =(D, we )(x, Yo (%)) G3.7)
If u is continuously differentiable in the neighbourhood of a point x € G, it follows from (3.4) that
Du(yq (x))+ (Dywg )(x, ¥4 (x)) = 0
By (3.7) and (3.5), we obtain 54(x) — Du(x) as . — 0. We may therefore call 54(x) the quas1-grad1ent

of u at x. Referring to (2.10), we see that Uy(x) = po(x, sb(x)), where s5(x) = so(x)(1 — u(x)) is the
quasi-gradient of the value function Val (x) in the sense described above.

Theorem 1. Let u: G > [0, 1] be the minimax solution of problem (2.6), (2.7). Let D be a compact
subset of G. Assume that

e’ = sug[-—ln(l —u(x))] < oo

Then for any € > 0 one can choose a parameter value o > 0 so that, for any pointxy € D

lim suf sup{‘c (x():x()ye X(xy, Uy A)} < —In(1-u(xy))+¢€ (3.8)

diam (A
where U, is a strategy of type (3.6).
Proof. Let X(xy) denote the set of trajectories x(-): R* — [0, =) of the differential inclusion
x(t) € co{ f(x(1). p.q):p€ P, g€ Q)
satisfying the initial condition x(0) = x,. Put
K:={x@)eR":x()eX(x,), te[0,8" +¢l, x, € D}
m=sup{ll f(x+h,p,ll:xe K, peP, geQ, llhi< ) 3.9)
Choose numbers o > 0 and 8, > 0 so that

3o0<g, dgm=<a, o<l (3.10)

Choose xy € D arbitrarily.
We shall prove the following proposition. Let x (-) € X(xg, Uy, A), ;€ A, 1; <9 = ~In(1 — u(xg)) + €
and let dist(x(z;); M) > 3o. Then for any T € [t;, ;41] N [0, 0]

uy (x(T)) < 1—[1—ug (x(t;)]e" " + (1~ 1,)e* T h(ct, 8) (3.11)

where 8§ = diam(A), lim,_ lims_,9 £(ct, 3) = 0. The quantity h(oc &) depends only on a and 8 but not
on the choice of the point xy € D and the trajectory x(-) € X(xg, Uy, A).
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In addition to (3.10), we assume that the parameters o and & have been chosen in such a way that
the following estimate holds

%o + 6h(0, §)] < et 1 (3.12)
Suppose that these estimates hold. Given x(-) € X(xg, Uy, A), let us consider two cases: (1) a time
t; € A exists such that ¢; < 0 and dist (x(#;); M) =< 30; (2) the inverse inequality dist (x(¢;); M) < 3o holds
for all t; € A that satisfy the estimate #; < 6.
Since 3a < g, it follows that in case 1
T(x())<t; <O=-In(1-u(xy))+¢ (3.13)
Now consider case 2. The recurrent estimates (3.11) yield

e (X(8)) < 1 [1 - uy (x)]e® +8e°h(a,,8)

Note that €® = (1 - u(x)) ™. By (3.5), uo(¥o) < u(x) + o. Consequently
U (£(8)) < 1—¢* +e®[a+0h(a,8)] < 0

The last inequality follows from (3.12). Thus, in case 2 we have derived the inequality u, (x(6)) < 0.
On the other hand, by (3.1) we have u, (x(6)) = 0. This contradiction proves that case 2 is impossible.

Thus, if the estimate (3.11) is true, the strategy U, satisfies the estimate (3.8). Hence the proof of
the theorem reduces to verifying (3.11).

Let us introduce the notation
E=x(t;), N1=y5(8), su=54(8), p" =Uy(E)=po(&,5:)s s =qo(M,54) (3.14)

(recall that py and g are the pre-strategies defined by (2.3) and (2.4)). Since the functions f(x, p, q) and U,(x) are
independent of ¢, we may put #; = 0. Define a vector

- T
fr= L(%—é = %J’i(t)dt, ) eco{f(x(1),p".9):q€ 0} (3.15)
0

It is required to prove the inequality
I-ug () <e *[1-ug (§+ f D))+ Th(e,T) (3.16)
It follows from the inequality dist (§; M) > 3¢ and the second estimate in (3.5) that dist (n, M) > . We recall
that 8yn < o It follows from this estimate and the definition of m (3.9) that y(f) ¢ M for any trajectory of the
differential inclusion (2.8) and any ¢ € [0, 1]. It follows from (2.9) that
l—u(m)yse " [1-u(n+ £,1)] (3.17)

where
_ T
fo= L‘ti—ﬂ = Tlr-j)"(t)dt, y(t) € co{ f(y(1),p.qs):p € P} (3.18)
0

We recall that 1 = y,(€), so that (3.1) and (3.4) give #,(€) = u(n) + wy(E, n). Combining this estimate with
(3.17), we obtain
I—ug B)<se (1 -u(m+ )] -wu (&)

Let us add and subtract the expression e wy(§ + f ‘1, 1) + £,7) on the right of this inequality. By definition (3.1),
we have

g (E+ OIS uM+ i) +wo G+ 10+ £1)

Consequently
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l—ug (B)y<se " [-ug (§+ F D]+ A,
Ay =€ "we G+ 11N+ f1) - wo (§,1) (3.19)

Let us estimate A, The function w, is continuously differentiable. By (3.7) and (3.14) we have s, = D, wy(E,m) =
-Dyw¢(&, n). Therefore

Ay < e"[wa(é,n)+<s,,,f* )‘t—(s*,f*)tl— wo (&.1)+h(a,1)r<

s[(s,, f*)-(s.,f*)— Wee (éan)+h2(a,1)]t

where, as below, A, (a, T) — 0 as T — 0. These quantities depend only on T but not on the specific motion x(-) €
X(xg, Uy, A).
It follows from (2.3) and (3.14) that
(s, f)< H(Es:) Vf €co{f&.p".q):q € Q)
Consequently, we have the following inequality for the vector f° of (3.15)
(5. )< HE 50)+ hy(0,7)
Similarly, it follows from (2.4), (3.14) and (3.18) that
(8. £+ )= HM,50) = hy(a,7)
The estimates just established yield
Ay <[H(E,5.)- HM,5.) - wo (E, M) +hs (0, DT
Using (3.3), we get
Ay S hs(0,T)T
Substituting this inequality into (3.19), we obtain the required estimate (3.16), where h(a, T) = hs(a, 1),
limg_,g lim;_,g A5 (0, T) = 0. It is obvious from the above estimates that the quantity ks may be defined so that it

does not depend on the choice of x(-) € X(xq, Uy, A).
This completes the proof of the theorem.

4. There is an analogous construction of an €-optimal strategy for player II. Suppose we are given
an initial pointxg € G and a number 6 < —In(1 —u(xp)). As before, u is the minimax solution of problem
(2.6), (2.7). It follows from the definition of this solution [5, 7] that a sequence of lower solutions

uy, exists such that 0 < u;(xg) < u(xp) < 1 and limy_,.. ux(x) = u(xp). One can therefore choose a lower
solution u, such that

0<-In{l1-u.(x))

The function u, is upper semicontinuous and possesses the following property: for anyn € G, p, €
P and t > 0, a trajectory y(-): [0, ] — R" of the differential inclusion

y(t)e col f(¥(1). p..q):q € 0}
exists which satisfies the initial condition y(0) = 7, such that
(M) = De” < n(¥(1) -1
Put

ud (x):= rpeaé[ut () - wg (x.)]

where the function w,, is defined, as before, by (3.2). Choose a point
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y*(x) € Arg max[u. (y) - wo (x, )]
¥

We define a strategy V,: G — Q for player II by

Vo (x) = go(x,5%(x))
S (X):= =(Dwo )(x,¥* (%)) = (D,wg )(x, y* (x))

where gy is a pre-strategy of type (2.4). The following proposition is true for the strategies V.

Theorem 2. Given an initial point xo € G and starting time 6 < —In(1 — u(xp)), one can choose
parameters o. > () and € > 0 so that the following estimate holds

lim (il;lfoinf{ts(x(-)):x(-) € X(xg,V,,A)} =6

diam

The proof is basically the same as that of Theorem 1.

Note that we have derived an estimate for the guaranteed result with the initial point fixed. The
construction of V,, may be adjusted in such a way that the estimate will hold for all points x4 in a given
compact set D.

Theorems 1 and 2 imply Eq. (2.10). If a sufficiently small parameter o is chosen, the strategies U,
and V, guarantee players I and II results that are as close to optimal as desired.

The research reported here was carried out with the financial support of the Russian Foundation for
Basic Research (93-011-16032) and the International Science Foundation (NME000).
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